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Abstract 

Mathematical models are constructed that develop Walras economic models, both centralized and decentral-

ized spatially dispersed systems with the interaction of subjects of perfect and imperfect competition. The subjects 

of the economic system are a household that buys various types of goods and produces and sells various types of 

labor; multi-food enterprises buying various types of commodity resources and labor resources; resellers, buyers 

of goods in local markets at a low price and selling in another local market at a higher price and transport network 

of households to enterprises. The paper describes methods for finding the state of equilibrium and practical appli-

cations. 

 

Keywords: Arrow-Debreu model, imperfect and perfect competition, network problems, theory of hydraulic 
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Introduction 

The predecessors of the models under considera-

tion. 

The problem of describing the economic system 

and the existence of its equilibrium was outlined in the 

work of L. Walras [1]. In it, L. Walras wrote that "... 

this theory is mathematical, the presentation and proof 

of the existence of equilibrium must be mathematical." 

The author of this mathematical model was the Nobel 

Prize winner Kenneth Joseph Arrow, together with 

Gerard Debreu. The model was of purely theoretical in-

terest, the interactions of the subjects were based only 

on perfect competition. In this model, there was no spa-

tial component of the economy, and, accordingly, its 

main carrier is a reseller. 

The work of the Nobel laureate Jean Tyrol [2] is 

devoted to the models of markets of imperfect compe-

tition (analysis of market power and its regulation). 

However, in the constructed models there is no spatial 

division of markets. 

Objective: 

a) develop models linking the dispersed markets 

of various types of goods and various types of labor of 

spatially located households and enterprises; 

b) take into account the developed model's various 

types of interaction between market entities. 

c) develop numerical methods for finding the equi-

librium state on the analyzed market structures. 

d) show that the model allows performing struc-

tural units of the economic system, such as clusters, dis-

tricts, regions, countries, etc. 

Novelty 

a) introduction of market entities into models - re-

sellers who distribute products between local markets. 

b) introduction of carriers of labor into the model, 

which carries out the movement of various types of la-

bor along with the transport network from households 

to enterprises. 

d) description of the functioning of households us-

ing utility functions, these households consume re-

sources for their existence - various types of goods, re-

ceiving goods produce various types of labor. 

e) when searching for an equilibrium state, the 

problems of market subjects are used in extreme set-

tings. 

f) organizing various types of interactions of sub-

jects in the commodity markets, markets of perfect and 

imperfect competition are being built. 

g) development of numerical methods for analyz-

ing the developed models. ппп 

h) numerical methods for finding the equilibrium 

state of the considered models are based on vector op-

timization methods [4] - [6]. 

Precursors of numerical methods for finding the 

equilibrium state of the considered models. 

The use of numerical methods for the analysis of 

economic systems was introduced by Vasily Leontiev. 

He applied these methods to input-output balance mod-

els. Numerical methods for analyzing multi-product 

dispersed markets are discussed in the article [8]. 

Reasons leading to a spatially dispersed descrip-

tion of the market. 

The behavior of the market of perfect competition 

for a homogeneous product (one product market) is de-

scribed by the curves of consumer demand and supply 

of goods manufacturers. Market equilibrium is 

achieved at the intersection of these curves. 

Definition. 
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The market will be called concentrated (local) if 

the behavior of all its subjects (consumers and produc-

ers) can be described by one demand curve and one 

supply curve. 

A concentrated market implicitly assumes that 

there are two subjects in the market (generally speak-

ing, aggregated ones): a producer and a consumer. 

These subjects are located where the exchange takes 

place, or their curves are reduced to the conditions of 

this place. In economic theory, these curves are con-

structed as the response functions of the extreme prob-

lems of optimal control of the subjects of exchange. 

The real economy also has the following proper-

ties: 

 uneven geographical and physical properties 

of territories, 

 scattered distribution of various types of nat-

ural resources, 

 scattered and limited places for a comforta-

ble life of people, 

 the tendency of people to certain types of la-

bor and, accordingly, to the production of certain types 

of products, 

 the need to consume products that are pro-

duced far from places of residence. 

This is not a complete list of the reasons that lead 

the market to spatial dispersal, and, accordingly, to the 

emergence of entities that play the role of resellers, 

buying products in one local market and selling them in 

another. Generally speaking, there are no non-dis-

persed markets. The history of human development 

shows that resellers are no less important than manu-

facturers and consumers, they are one of the driving 

forces of knowledge and development of new territo-

ries. 

The mathematical formulation of the model of a 

single-product dispersed market of perfect competition 

is described in [9]. In it, consumers, producers, resellers 

are described, respectively, by the curves of demand, 

supply, trade, and transport curves, the model is the 

problem of flow distribution of the Theory of hydraulic 

networks (TGN) [5], the methods of solving which are 

known. 

The development of this model for the multi-prod-

uct case with perfect and imperfect competition is given 

in [10]. An important point of market exchange is the 

nature of the interaction of market entities. If in the lo-

cal market none of the subjects is a leader (i.e., does not 

affect the price), then this local market is a market of 

perfect competition. If all local markets are perfect 

competitors, then the economic system will be the per-

fect competitor. If at least one local market has a leader, 

then the economic system will also be imperfect com-

petition. Each node can have its leader from the set of 

subjects of this node. One of its subjects becomes the 

leader (which does not affect the price). In this case, the 

dispersed market becomes a market of imperfect com-

petition. 

Equilibrium in a market of perfect competition is 

spontaneous. According to Scottish economist Adam 

Smith, the balance is established by the “invisible hand 

of the market” - the “BALANCE OF DEMAND AND 

SUPPLY”, which can be considered the leader in this 

market. Note that the complete analysis of the causes of 

the wealth of nations, which was carried out by Smith. 

The resources that feed the economy are different both 

in type, volume, and spatial arrangement. 

This work is devoted to the next stage in the de-

velopment of distributed market models. In the eco-

nomic system, the influence of the subjects depends on 

the degree of remoteness, leadership within the local 

market, mutual arrangement in the structure of the sys-

tem's connections. A large number of local markets and 

the possibility of variation in them by subjects holding 

a strategic variable provide a huge number of options 

for market structures. To analyze these structures, we 

propose numerical optimization methods, numerical 

methods of Hydraulic network theory (HNT). 

1. Description of the economic system. 

The economic system model consists of: 

  many households whose livelihood is based 

on: 

- the consumption of products purchased from various 

markets. 

 - households receive budgetary funds for buying goods 

through the sale of their labor, 

- as well as through shares from enterprises, shares 

from dealers who buy and sell goods. 

  many businesses consuming: 

- household labor (money-labor exchange is car-

ried out in dispersed labor    markets); 

 - goods - resources produced by other enterprises 

(commodity-money exchange in dispersed commodity 

markets); 

- resources of the territory in which they are lo-

cated; 

- the profit of enterprises is distributed to wages, 

payments for acquired resources, payment for shares of 

households-owners of enterprises. 

 many resellers who:  

- buy goods from enterprises; 

- resell among themselves, and ultimately, 

transport goods through an appropriate transport sys-

tem; 

- sell goods to households; 

 transport system, 

through which carriers of labor (representatives of 

households) carry their labor from places of residence 

to places of consumption (enterprises), in return receiv-

ing payment for labor. 

To analyze such systems, highly aggregated mac-

roeconomic models are currently widely used. In this 

article, we use the development of microeconomic 

models [11]. 

2. Mathematical models of subjects of the 

economic system 

2.1. Models of the type (goods  labor) of 

households based on utility functions. 

Household task. 

2.1.1. Construction of a mathematical model of 

the functioning of the household. 

In accordance with the modern understanding of 

economic theory, under the household we mean the to-

tality of persons who jointly extract and consume the 

necessary items (benefits) of existence. A household 
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can consist of one person living independently. Activi-

ties aimed at obtaining livelihoods will be called labor. 

The use, the use of the obtained objects of existence, 

we will call consumption. The household is the lowest, 

indivisible subject of the economic system. 

Let W there be a finite set of types of goods of the 

economic system, 

 w be the type of goods wW. Let L be a finite set of 

types of labor of the economic system, i - type of labor. 

Mathematical models of households in the microeco-

nomic analysis are widely known [11]. The models are 

built based on the theory of binary relations, specified 

in the space of consumption vectors, on the one hand, 

and in the space of labor vectors. These relations make 

it possible to construct the so-called ordinal utility func-

tions, the maximization of which under budget con-

straints gives the consumer's task. A very productive 

approach, but the question is, where does the budget 

come from? You need to earn it, that is. due to labor. 

Modern microeconomics uses the natural division of 

objects (since further analysis is associated with the ex-

change, we will use the word "commodity") of con-

sumption into separate types. And for each type, there 

is a corresponding unit of measurement that allows for 

a quantitative comparison of vectors of goods within 

the same type. Comparison of vectors of goods carries 

a constructed binary ratio and, accordingly, a utility 

function. 

The situation is more complicated with labor mod-

els. Labor is an activity aimed, directly or indirectly, at 

the acquisition of consumer goods. The division of la-

bor into separate types is natural. By the type of labor, 

we mean homogeneous activities, indistinguishable 

from each other. Examples of such types of work are 

the activities of locksmiths, the activities of turners, 

carpenters, etc. Note that these activities can also, in 

turn, be subtyped. We will assume that such a partition 

is finite. A characteristic feature of the type of labor is 

the ability to measure it. The most natural (but not ob-

ligatory) unit of change in physical types of labor in the 

production of a particular product is the amount of en-

ergy expended, or time spent. We will assume that each 

type of labor is measured in conventional units. Two 

species can be considered the same if they can produce 

the same product and the difference can only be in 

costs. 

We denote by xw the vector of consumer goods, xl 

the vector of labor performed, then each component of 

the vector x = (xw, xl) has its unit of measurement. If 

XW is the space of types of consumer goods, and the 

space XL of types of labor, then the direct product 

X=XWXL of these spaces gives a complete space that 

describes the state of the economic system. 

We will assume that for any household in space X 

it is possible to define a binary relation of the strict or-

der « » and the order of equivalence «  », which es-

tablishes the preference on it. On this basis, the utility 

function u = u(x) = u(xw, xl) can be constructed. 

Let's designate HH as a set of households in the 

economic system. Let iHH.  We assume that for any 

x, yX household i: 

or 
yx i  (we read “x is preferable to y for house-

hold i ), 

or  xy i  (we read “y is preferable to x for house-

hold i), 

or  
yx i  (we read "x is equivalent to y" for house-

hold i). 

Based on the order introduced in this way, the util-

ity function  ui = ui(x) = ui (xw, xl) can be obtained. 

Usually, for households, the vectors xwXW are a 

boon,  xl XL an anti-boon. 

In the future, since each i has its vector of goods 

and its vector of types of labor, we will use XW and XL. 

2.1.2. Models like ((wages for labor + wages for 

savings)  (consumer goods)  labor)) based on util-

ity functions. The functioning of the household in the 

structure of the economic system. 

To describe the structure of connections between 

objects of a spatially dispersed economic system, we 

will use the notation of graph theory. These structures 

will be fully described below, the designations used 

here correspond to them, and do not interfere with the 

understanding of the described models. 

Each household of the iHH node uses its total 

income to purchase consumer goods and supplies its la-

bor to labor markets. The total income consists of: 

1) income Di
1 from the sale of their types of labor; 

2) income Di
2 from owning shares of enterprises; 

3) income Di
3 from the ownership of resellers' 

shares. 

Income on shares is investments in businesses and 

dealers in previous periods. 

We will assume that each household iHH, as a 

result of its activities, maximizes its utility. The maxi-

mum utility of the household will be 

3. 
)()()(

max))(;)(()(
iiVvviVvviii

HH
LW

xlxwuxuu


 
 

Where )(iHH  is the vector of variables (parame-

ters) for which optimization is 

carried out, in particular   
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  - a set of arcs along which goods come from 

commodity markets, 

)(iVL

 - the set of arcs along which labor enters the 

labor markets. 

For )(iVv W

  the price of the goods arriving along 

with the arc v from the node h1 (v), is equal to Ph1(v), so 

the cost of purchasing the goods will look like 


 )(

)(1

i
W

Vv

vvh xwP . So the budget constraint will look like  
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Income from the sale of labor 

The first part of the sale of labor is calculated ac-

cording to the dependence 





)(

)(2

1

iVv

vvhi

L

xlPlH  

Where )(iVL

  is the set of arcs going from node i 

to nodes of labor markets )(2 vh , )(iVv L

 ; 

)(2 vhP - the price of labor in these nodes. 

Income from shares of enterprises. 
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Let us denote Ji by the set of enterprises, the share-

holder of which is the household i, PRJ i    Take an 

enterprise 
iJj , the profit of that enterprise 

j . We 

denote by Ij - the set of households - shareholders of 

enterprise j, among which this profit is distributed. Let's 

introduce the coefficients k

j - the share of profit re-

ceived by the household k from the enterprise j. These 

coefficients must have the properties 

1
 jIk

k

j , 
j

k

j Ik ,0 . 

Then the second part of the household budget will 

be equal to  



iJj

j

i

jiH 2  

Income on shares from resellers. 

Let w - some product, wW, u - reseller of this 

product uVW, denote   


Ww

wVVV


 - the set of all resellers. Let us denote by JVi 

the set of resellers, the shareholder of which is the 

household i. Let's take a reseller jvJV, a reseller's 

profit jv . Let us designate JVjv the set of households - 

the reseller's shareholders jv, among which this profit is 

distributed. Let's introduce the coefficients 𝛽𝑗𝑣
𝑘  - the 

share of the profit received by the household k from the 

reseller jv. These coefficients must have the properties

1
j vIVk

k

jv 


 , 
jv

k

jv IVk ,0 . 

Then the third part of the household budget will be 

equal to  



iJVjv

jv

i

jviH 3  

Household task. 

For node i, the household problem HH(i) has the 

form 

)()()(
))(;)(()(

iiVvviVvviii
HH

LW

махxlxwuxuu


 

  (2.1) 

under budget constraints 
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(2.2) 

Since we believe that households are directly con-

nected by arcs with the nodes of local markets of the 

economic system, flows along the arcs are indicated qv, 

the beginning of the arc is indicated h1(v), the end of 

the arc is indicated h2(v), then the household problem 

HH(i) will have the form 
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    (2.3) 

 

For arc  )(iWVv  the node h1(v) belongs to the mar-

ket of the product w, for which wEvh )(1 . For arc 

 )(iLVv , the node h1(v)  belongs to the labor market l, 

for which the node is lEvh )(2 . 

2.2. Models of the type (goods + resources of 

the territory + labor  goods) enterprises based on 

production functions. 

Enterprise task. 

Let us denote by PR the set of enterprises of the 

economic system that produce goods from the set W. It 

is assumed that each enterprise can produce several 

types of goods. Let i PR, PR(i) be the enterprise of 

the i-th node. We denote )(iVW

  by the set of arcs along 

which the enterprise PR(i) sends the produced goods to 

the corresponding markets. For any arc )(iVv W

  start 

 ivh )(1 . The end of the arc )(2 vhj   belongs to the 

market set Rw of the product w, wW. The arc v defines 

the type of goods sent from the enterprise. 

We denote by the )(iVW

  set of arcs along which 

goods are supplied to the enterprise PR(i) as consumed 

resources. For any arc )(iVv W

   ivh )(2 . The begin-

ning of the arc j=h1(v) of the market Rw of the product 

wW. The arc v defines the type of goods received by 

the enterprise. A detailed description of the product 

markets will be given below. 

Various types of labor are involved in the produc-

tion of goods by the PR(i) enterprise. Let's designate 

)(iVL

  the set of arcs along which labor is supplied to 

this enterprise. Let  )(iVv L

 ,  j=h1(v). Among the 

many types of labor, there is a type lL such that 
lEj

, where jEl is the set of nodes of a finite directed graph 

llll HVEG ,,  describing the structure of connections 

between local labor markets of the form l. The details 

of the structure of labor markets will be described be-

low. 

Let )(iVv W

 , gv be the volume of the product sent 

along with the arc v to the node j=h2(v). This node be-

longs to one and only one set of nodes Ew, wW. Sim-

ilarly, if )(iVv W

 , then 
vq  is the volume of the product 

received as a consumed resource along with the arc v 

from the node j=h1(v). This node belongs to one and 

only one set of node Ew , wW . 

The vector of own resources of the territory be-

longing to the enterprise will be denoted by )(, iiii rrr 

, where 
ir  is the maximum volume of the enterprise's 

resources, 
i   is the sign of inequality in space, the di-

mensions of the vector ri. We write the product release 

model as 

)),)(,)(()(
)()()( iiVviVvv

i

iVvv rqqFq
LWW
 

  

Where iF  is the set of the attainability of the vol-

umes of manufactured products for the given values of 

the arguments ),)(,)((
)()( iiVviVvv rqq

LW


. The vector of 

own resources 
ir can be interpreted as resources ex-

tracted on the territory and distributed for consumption 
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(generally speaking, in a processed form) at other en-

terprises and households of the economic system. 

The Objective of the enterprise PR (i) 

)(
)(

)(1

)(

)(1

)(

)(2 max),(
i

ii

iVv

vvh

iVv

vvh

iVv

vvhi
PR

LWW

rrPqPqPqP




 


  

with restrictions       

  )),)(,)((
)()()( iiVviVvv

i

iVvv rqqFq
LWW



         (2.4) 

iii rr   

   PR(i)     - a list of variables for which the maximum 

is taken. So in the markets in which the enterprise is a 

monopolist, this list, among others, may include the 

variables 

).(,),(,),(, )(1)(1)(2 iVvPiVvPiVvP LvhWvhWvh

   

2.3. Model of the type (commodity + labor-

commodity) of the functioning of a reseller of the 

market 

Let w be the type of product, Ww to this type of 

product corresponds to the dispersed market Rw , which 

has a structure given by the graph wwww HVEG ,,
. 

Consider an arc wVv
.  To begin with, we will assume 

that )(1)(2 vhvh PP 
, or  ( 0)(1)(2  vhvh PP ). In this case, the 

reseller RES(v) corresponding to the arc v buys the 

goods (and accordingly becomes its owner) in volume 

0vq  at the node  market )(1 vh at the price 
)(1 vhP , 

transports, and sells at the node market )(2 vh at the 

price 
)(2 vhP . The reseller's profit will be as follows: 














 



vv

Vu

uhuhvvhvvhv rrPqPqPqPF

v

,)(1)(1)(1)(2
 , 

the first term is the revenue from the sale in the 

node )(2 vh , the second is the cost, which contains: 

 purchase of goods in a node  )(1 vh , 

 purchase of resources in markets 
 vVuuh ),(1  where 

vV - a set of arcs along which re-

sources flow, 

 the cost of resources that are the property of 

the reseller, 
vr - the desired vector of the volumes of re-

sources used in the transport of purchased products, 

vr - the vector of the maximum volumes of these 

resources,  

vrP - the vector of prices for these resources, the com-

ponents of the price vector are external variables; 

After transformation we get 
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Vu

uhuhvvhvhv rrPqPqPPF

v

,)( )(1)(1)(1)(2
 

The task of the reseller RES (v) will take the form 

,0

),;)((0

,max,)(

)(1

)(
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vVuuhvv

v
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Vu

uhuhvvhvhv
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rrPqPqPPF

v
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where );)(( )(1 vVuuhv rqf
v


- is the production func-

tion that limits the volume of transportation; 

)(vRES - a list of parameters for which the maxi-

mum is taken. 

Let 
)(1)(2 vhvh PP   . In this case, the reseller buys the 

goods (becomes its owner) in volume qv at the node 

)(2 vh by the price 
)(2 vhP , transports it to the node )(1 vh  

and sells by the price 
)(1 vhP . Since the flow moves from 

the end of the arc to its beginning, then 0vq . The re-

seller's profit will look like    














 



vv

Vu

uhuhvvhvvhv rrPqPqPqPF
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,)()( )(1)(1)(2)(1
 

the first term is the revenue from the entire opera-

tion, the second is the cost. After some simple transfor-

mations 

 













 



vv

Vu

uhuhvvhvhv rrPqPqPPF

v

,)() )(1)(1)(1)(2
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The reseller's extreme task will take the form 

.0

),;)((0

,max,)(

)(1
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vvvvv

vVuuhvv

v
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uhuhvvhvhv

rr

rqfq

rrPqPqPPF

v
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Combining both cases, we get the problem of the 

reseller RES (v) 

)()(

,0

),;)((

,max,)(

)(1)(2
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                                         (2.5) 

where: 

 
vq –the volume of traffic along the arc v lim-

ited by the value of the production function fv, the sign 

qv coincides with the sign )( )(1)(2 vhvh PP  and determines 

the direction of the flow along the arc; 

 purchase of resources in the markets 
 vVuuh ),(1 where 

vV - a set of arcs along which re-

sources flow, 

 rv - required vector of the volumes of re-

sources, which is used in the transport of purchased 

products, 

 Prv - the cost of the reseller's resources, - the 

vector of prices for resources are external variables; 

 vr  is the vector of the maximum volumes of 

these resources; 

 )(vRES  is a list of parameters of a reseller of 

arc v, along which maximization is carried out, in this 

list, depending on the structure of the local market, may 
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include variable ,,, )(1)(2 vvhvh qPP components of the vec-

tor rv. 

Comment. The model assumes that the connection 

of enterprises, resellers, and households directly with 

the local market is carried out without intermediaries 

(resellers). 

3. Spatially dispersed commodity markets 

3.1. Description of the structure of the model. 

As above, W - many types of goods of the eco-

nomic system. Each type of Ww market corresponds 

to its own single-product spatially dispersed market Rw 

[10].  We define the market structure as a directed graph  

wwww HVEG ,, , where 

 Ew - a set of nodes where goods are ex-

changed; 

 Vw - a set of arcs, a reseller of goods corre-

sponds to an arc; 

 Hw - mappings for arcs 

))(2),(1()( vhvhvHw  , )(1 vh - node, beginning of arc  v; 

)(2 vh - node, end of arc v. 

To each 
wEi we assign a variable 

iP , that de-

notes the exchange price of a commodity. Each 
wVv  

corresponds to a variable 
vq  - the volume of goods 

transported by the reseller, 0vq  if the direction of the 

flow coincides with the direction of the arc, 0vq  oth-

erwise. The variable q is determined by the reseller’s 

model of this arc. 

3.2. Boundary conditions, conditions of the 

product balance of the single-product market of 

goods. 

We split the set of nodes Ew of the product w into 

three disjoint parts. Ew = Ew
1Ew

2Ew
3, where 

Ew
1Ew

2 =, Ew
1Ew

3=, Ew
2 Ew

3 =. 

1

*
,

,
w

iii
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ariablefreez
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3* )( wiii EiPBz 
        (3.3) 

For 
)(*

iii PBz 
 elasticity is not equal to zero and 

not equal to infinity. Under equilibrium conditions, the 

equality 

i

iVv

v

iVv

v

iVv

v

iVv

v

iVv

v

iVv

v zqqqqqq
HHRESENEN
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           (3.4) 

 The first bracket denotes the sum of flows 

that dealers bring into the node, minus the sum of flows 

that dealers take out of the node. 

)(iV   - the set of arcs entering the node i; 

)(iV  - the set of arcs leaving the node i; 

 the second parenthesis is the sum of the 

flows of goods from the nodes )(),(1 iVvvh ПР

  brought 

in for sale to the node i, minus the sum of the flows of 

goods that are taken out by the enterprises 

)(),(2 iVvvh EN

  from the node i. These enterprises use 

the exported flows as resources of their production; 

 the third parenthesis is the sum of flows that 

resellers take out of the hub and use as resources for the 

transport of goods. Arcs )(iVv RES

  of non-standard 

definition, the beginning of the arc )(1 vh  is node i, the 

end of the arc )(2 vh  is, in turn, also an arc from the set 

of RES; 

 the fourth parenthesis is the sum of flows 

that households take out for consumption. The begin-

ning of the arc )(iVv HH

  is node i, that is. ivh )(1  ; 

The expression on the right in (3.4) is the foreign 

trade balance. 

3.3. For nodes 1

wEi in a state of equilibrium, the 

foreign trade balance is a calculated value and is calcu-

lated by the expression 

1

)()()()()()(

,)()()()( wi

iVv

v

iVv

v

iVv

v

iVv

v

iVv

v

iVv

v Eizqqqqqq
HHRESEN

 
 

        (3.5) 

3.3. The balance of cash flows at the nodes of 

the markets. 

In the nodes, a commodity-money exchange is 

carried out, along with the movement of goods, their 

equivalent value is transferred. The calculation of the 

equivalent cost of exchange of goods is derived from 

the relation (3.4) 

ii
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or 
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iVv
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iVv

iv

iVv

iv

iVv
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iVv

vi

iVv

v PzPqPqPqPqPqPq
HHRESENПР
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The direction of movement of cash flows that par-

ticipate in the exchange is opposite to the direction of 

the flow of commodities. Note, that if the system is 

closed, that is 0iz  , then 

0)()(
)()()()()()(

 
  iVv

iv

iVv

iv

iVv

iv

iVv

ivi

iVv

vi

iVv

v

HHRESENEN

PqPqPqPqPqPq  

4. Mathematical model of the labor market 

in the economic and geographical system of the 

world economy 

4.1. Descriptive model. 

The basis for constructing a model of a spatially 

dispersed labor market is the model of the movement of 

carriers of types of labor between sources of labor, 

households, and consumers of labor - enterprises. To 

describe the structure of labor markets, as in the de-

scription of product markets, we will use the concept of 

a graph. Each type of labor lL has its own graph Gl . 

In it the nodes are local labor markets, places of direct 

communication of markets with enterprises, and places 

of transfers when moving along the transport network. 
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Resellers also use labor markets, so non-standard arcs 

are added to the graph, the beginning of which is in the 

node - the labor market, the end - the arc corresponding 

to the reseller. We will assume that stopping points are 

in close proximity to consumers and suppliers of labor. 

This approach does not detract from the connection 

with reality. Several different arcs of the graph of dif-

ferent types of labor can correspond to the same section 

of the transport network. 

4.2. Mathematical model of the labor market. 

As above, L is a finite set of types of labor of the 

economic-geographical system. Let lL, the dispersed 

labor market l will be denoted by Rl.. It corresponds to 

a finite directed graph 
llll HVEG ,, , describing the 

structure of connections between local labor markets of 

the type l. El - stopping points and transfer points, 

where carriers of labor can change the route of move-

ment. Let 
lEi , )(),( iViV   - the sets of arcs, respec-

tively, entering and leaving from node i to incident 

nodes from El, through )(),(),( iViViV RESENHH

  is de-

notes the sets of arcs, respectively, entering households 

(set HH), and leaving in the direction of enterprises (set 

of EN) and in the direction of resellers (set of RES). 

Let us denote by Pi the price of labor at node i 

for 
lVv , qv - the value of the flow of labor of the type 

l, moving along the arc v. 

Price relationship of subjects of labor markets 

The following 2 cases are possible: 

First case. ))(1()(2( vhPvhP  , the flow moves 

from the node h1(v) to h2(v), therefore 0vq . Let us 

denote by )( vv q  - the cost of transport of carriers of 

labor per unit of flow with a total flow qv along the arc 

v. In a state of equilibrium will be performed 

)())(1()(2( vv qvhPvhP  . 

Second case. ))(1())(2( vhPvhP   the labor flow 

moves from node h2(v) to node h1(v). In this case 

0vq , )( vv q  - the cost of transport of carriers of la-

bor per unit flow for the total flow qv along the arc v. In 

a state of equilibrium will be performed 

)())(2()(1( vv qvhPvhP    

Combining both cases, we obtain that for any qv 

)()())(1())(2( vvv qqsignvhPvhP   , 

or, 

   ))(1())(2())(1())(2()( vhPvhPvhPvhPsignqvv   

Let us denote by 1

v  the inverse function for 
v , 

then ))(1())(2(
1

vhPvhPq vv 


 or 

))(1())(2()))(1())(2((
1

vhPvhPvhPvhPsignq vv 


 . 

Denoting )))(1())(2(( vhPvhPv  the previous de-

pendence, we can write 

)()(
1

vvvv signq 


                     (4.1) 

Border conditions. 

Let El= El
1El

2El
3, where El

1El
2 =, 

El
1El

3=, El
2El

3 
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           (4.3) 

3* )( liii EiPBz             (4.4) 

This is at the labor market. 

For 3

lEi the foreign trade balance zi  is related to 

the price Pi by the function )(*

ii PB . For this function, 

elasticity is not equal to zero and not equal to infinity. 

Relations (4.2) correspond to the case when the mod-

eled system cannot affect the prices of the systems of 

nodes 1

lEi , relations (4.3) correspond to the case 

when the volume of consumption (supply) by the nodes 
2

lEi  is constant and does not depend on the equilib-

rium price at the node. 

Nodal labor balance. 

Let 1
\ ll EEi  (that is 32

ll EEi  ), 

    )()()()()( iViViViViVv RESENHH

  ,  

for each     )()()()()( iViViViViVv RESENHH

   

in a state of equilibrium  

)(
)()()()()(

ii

iVv

v
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v

iVv

v

iVv

v
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v PBqqqqq
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For 1

lEi  
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v
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v zqqqqq
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  )()()()()(

     (4.5) 

(4.5) is the formula for calculating the export-im-

port balance. 

5. Nodal interactions of the economic-geo-

graphical system of the world economy, perfect in 

the equilibrium model. 

5.1. Food balance in the form of an extreme 

problem. 

The "invisible hand" of the local food market 

Consider an arbitrary type of product Ww . We 

do not take the nodes 1

wEi , since for them the variable 

Pi is a constant, there is no restriction on the variable zi, 

it can take any values per (3.5). 

Let us fix for all nodes of commodity markets 

}{\ iEj w  and all labor markets 
lEj the value of the 

price Pj . The variables Pj, 
lw EiEj }){\( will be de-

noted 
iP
. If there is perfect competition at node i, then 

the variable Pi is independent, the variables 
iP
 , its 

functions, and (3.4) can be written: 

))P,P()P,P(())P,P()P,P((F
)i(Vv

iiv

)i(Vv

iiv

)i(Vv

iiv

)i(Vv

iiv

ПРПР


 













  

   (5.1) 

Where ),( iivv PPq  - the function is the response 

of the flow to the variable 
iP at constant values of the 

product, the value of P-i for: 

- )(iV  resellers of sellers to node i for the price 
iP

; 

- )(iV  resellers of node i for the price 
iP ; 

-  )(iVv EN

 enterprises  )(1 vh - sellers for the price 

iP ; 

- )(iVv EN

  enterprises )(2 vh of buyers for the 

price 
iP ; 
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- )(iVv RES

  resellers )(2 vh  of buyers for the price 

iP ; 

- )(iVv HH

 households  )(2 vh  on the price; )(2 vh  

The left-hand side of equality (5.1) will be called 

unbalanced at node i at price Pi and denoted ),( iii PPN 

, then (5.1) takes the form 

0),( iii PPN
                         (5.2) 

Further, equations (5.2) will be called central for 

node i. 

Definition of IE1. We will say that node i is in a 

state of equilibrium at a price *

i
P  at fixed 

iP
, if it is 

satisfied 0),(
*

iii PPN . The value *

i
P will be called the 

equilibrium market price of node i with fixed values 
iP
 

Definition of IE2. We will say that an economic 

system is in equilibrium if all product and labor markets 

are in equilibrium. Thus from tasks: 

- household (2.3); 

- enterprises (2.4); 

- tasks of a reseller (2.5), 

as well as conditions: 

- at the boundaries of communication with other 

economic systems (boundary conditions) (3.1) - (3.3); 

- product balance (3.4), (3.5) 

we obtain an equivalent problem consisting of the 

boundary conditions  

(3.1) - (3.3) and the system of nodal equations (5.2). 

Let - 321
, wwwj EEEjP  - the solution of the 

system of nodal equations (5.2) and boundary condi-

tions (4.1) -  (4.4), then for any 321
, wwwj EEEjP    

,iP is a solution of one equation 

0),( iii PPN                                 (5.3) 

of one unknown variable Pi. Problem (5.3) of find-

ing an equilibrium state at a node can be written as an 

extremal problem: 

If   0, iii PPN  then in (5.4) 
0),( iii PPNB

, 

taking into account that 0)( ii PNB , we obtain that  iP  

the optimal solution (5.4). 

In the opposite direction, if in problem (5.4)  iP  

the optimal solution is and 0),( iii PPNB , then 

  0, iii PPN , that is (5.3) holds. 

Using Adam Smith's term, problem (5.4) will be 

called the “invisible hand of the market” problem for 

node iEw
2 Ew

3. If at some node iEw
2Ew

3  the 

value of Pi  turns out to be such that 0),( iii PPNB , 

then the “invisible hand of the market” makes the tran-

sition of the node to such a price 
iP  at which 

),( iii PPNB  it will be minimal, that is strive for a state 

of balance. The equilibrium in the entire network will 

correspond to such prices *

iP  iEw
2Ew

3, at which, 

0),( ** iii PPNB , iEw
2Ew

3 , that is all nodes will be 

in equilibrium. In the (hydraulic network theories) 

TGN, this approach is one of the network nodal linking 

approaches. 

Algorithm of "invisible hand of commodity mar-

ket" iEw
2Ew

3 

We organize variation of the variable Pi to mini-

mize the functional (5.4): 

For each value of Pi, perform: 

1. For each )(iVv   and every value of Pi, we 

look for a response ),( iivv PPq   based on the solution 

of the reseller problem (2.5); 

2.     For each )(iVv   and every value Pi , we look 

for a response ),( iivv PPq  based on the solution of 

the reseller problem (2.5); 

3. For each )(iVv EN

  enterprise-seller 

ENvhj  )(1 we search a response ),( iivv PPq   to 

price 
iP  based on the solution of problem (2.4) of node 

j with fixed 
iP
; 

4. For each )(iVv ПР

  buyer-enterprise 

ПРvhj  )(2  we search response ),( iivv PPq   to 

price Pi  based on the solution of problem (2.4) for node 

j with fixed 
iP
; 

5. For each )(iVv RES

 reseller – buyer 


Ww

wVVVvhu


 )(2 , we look for a response 

),( iivv PPq   to the price Pi  based on the solution of 

problem (2.4) of node j at fixed values 
iP
; 

6. For each )(iVv HH

 household HHvhj  )(2  

we look  for a response ),( iivv PPq   to the price Pi 

based on the solution of the problem (2.3); 

7. Looking for the response of the export-import 

balance ),(*

iiii PPBz   of external subjects of node i. 

8. Using the ones obtained in paragraphs 1.-6. val-

ues qv, as well as the value zi from node i, based on de-

pendence (3.4), we obtain the value of the “market 

hand” functional ),( iii PPNB  .Using the value of Pi and 

),( iii PPNB   rejecting non-optimal solutions. 

Remark 5.1. It is easy to see that the described 

algorithm minimizes a function of one variable with the 

calculation of only the values of the function; therefore, 

the algorithm can use the one-dimensional optimization 

algorithms of the 0-th order. 

Remark 5.2. The transition to a state of equilib-

rium in one node can unbalance other nodes. In [11], 

theorems are given, in which it is proved, that if the lo-

cal one-product market of each node tends to a state of 

equilibrium, then the entire system converges to a state 

of equilibrium. However, as the convergence estimates 

show, the transition of the entire system to the equilib-

rium state can be a rather lengthy process. 

Remark 5.3. The described system is a game with 

a Nash equilibrium state. The “invisible hands of the 

markets” of the nodes iEw
2Ew

3 are the subjects of 

this game. Functional (5.4) describe the criteria for 

minimizing each subject of the game and the mutual in-

fluence between them. 

5.2. Description of labor balance conditions in 

the form of an extreme problem.  

     "The invisible hand of the local labor market" 

Let for the type of labor lL, 32

ll EEi  . We do 

not take the nodes 1

lEi , since for them the variable Pi 
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is a constant, there are no restrictions on the variable zi, 

it can take any values in per (4.5). 

We will assume that for all nodes of commodity 

markets and labor markets }{\ iEj l , the value of the 

price Pj is fixed. The variables Pj, }{\ iEj , will be 

denoted in what follows P-j. In conditions of perfect 

competition, all market entities i are price recipients, 

therefore, for all 
lVv it is true (4.1) 

Where )))(1())(2(( vhPvhPv  ,or

)()sgn( )(1)(2

1

)(1)(2 vhvhvvhvhv PPPPq 


  

For ivhiVv   )(2)( , for ivhiVv   )(1)( , 

therefore (4.3) can be written 

      )(

)()sgn()()sgn(

)()()(

)(

)(2

1

)(2

)(

)(1

1

)(1

ii

iVv

v

iVv

v

iVv

v

iVv

ivhvivh

iVv

vhivvhi

PBqqq

PPPPPPPP

RESENHH
























            (5.4) 

For  )(iHHVv  qv is the response function to the var-

iable Pj  for fixed P-j  household tasks )( jHH  for 

)(1 vhj  .  For  )(iENVv  qv is the response function to 

the variable Pi for fixed P-j  tasks of enterprises HH(j) 

for  )(1 vhj  . For 
 )(iENVv

 qv, it is the response func-

tion to the variable Pi for fixed iP , respectively, re-

sellers' tasks EN(j) for  )(2 vhj  . For 
 )(iRESVv

 qv, it 

is the response function to the variable Pi for fixed iP , 

respectively, resellers' tasks RES(u) for )(2 vhj    (re-

call that resellers in the notation system correspond to 

graph arcs, therefore the end of the arc v refers to the 

arc u). 

Thus (5.4) can be written 

      0)(

)()sgn()()sgn(

)()()(

)(

)(2

1

)(2

)(

)(1

1

)(1























ii

iVv

v

iVv

v

iVv

v

iVv

ivhvivh

iVv

vhivvhi

PBqqq

PPPPPPPP

ПРКПРДХ


   (5.6) 

The left-hand side of equality (5.6) is called the 

unbalance at the node i and at the price Pi and fixed 

prices P-i and we denote it 
),( iii PPN  , then in the state 

of the node equilibrium 

0),( iii PPN                     (5.7) 

By designating  2),(),( iiiiii PPNPPNB    , the 

problem of finding the equilibrium state in (5.7) can be 

written as 

),(minarg
*

iii
constPifP

i PPNBP
-ii




         (5.8) 

Using Adam Smith's term, we will call problem 

(5.8) proclaiming the “invisible hand of the market”  of 

node iEl
2El

3.   If for all iE2E3 (that is, for product 

markets too) the values *

iP  are such that 

0),(
**
iii PPNB , then the resulting values give the 

equilibrium state of perfect competition for the eco-

nomic system as a whole. 

6. Numerical methods for the analysis of 

nodal interactions of imperfect competition in the 

general equilibrium model of a spatially dispersed 

economic system 

The transition from perfect competition to imper-

fect competition consists in changing the leadership of 

the “hand of the market” to the leadership of one of the 

market entities. Depending on this, we get one or an-

other structure of the local market, and, accordingly, the 

structure of the entire system. The search for the equi-

librium state of the entire system, as above, consists in 

the node-by-node linking of all the nodal problems. 

Let us present models of nodal problems for some 

structures of imperfect competition and algorithms for 

finding an equilibrium state in them. 

6.1. Description of the algorithm the leader-

ship of the manufacturer - the seller in the commod-

ity market. Nodal monopoly 

Suppose that at node i the producer j = h1(u), 

)(iVu ПР


  takes the position of the leader. We get a 

monopoly of producer j at this node i. Under the mo-

nopoly of producer j at node i, market power is trans-

ferred to him. He has the ability to choose the value of 

the strategic variable Pi , varying it in order to maximize 

his profit. At the same time, we note that, as before, the 

product balance condition must be met in the node. 

Let us transform the previous mathematical model 

of perfect competition as follows. As an example, con-

sider the market structure shown in the following figure 

1. 

 
Fig.1 Scheme of connections of the market of 

node i with incident nodes 

In this figure, solid lines are arcs of connections 

with enterprises, sellers and consumers; dotted line – 

arcs, corresponding to resellers; dash-dotted line - arcs 

of connections with households; the bold arc is the con-

nection between the monopolist j and the market i. The 

leader who owns the choice of the strategic variable Pi 
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is enterprise j. Since )(2 uhi   the leader's task will take 

the form. 

)(
)(

)(1

)(

)(1

}{\)(

)(2 max),(
j

jj

jVv

vvh

jVv

vvh

ujVv

vvhuij
ПР

LWW

rrPqPqPqPqP




 


            (6.1) 

with limitation 

 

jjj

iiVviVvv
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ujVvvu
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rqqFqq
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)),)(,)(()(,

)()(}{\)(  

We divide the sought variables 

),)(,)(,)(,,()(
)()(}{\)( jjVvvjVvvujVvvuiПР rqqqqPj

LWW
 

 , 

over which the maximum is taken, into 3 parts: 
iP ,

uq  

and ));)(;)(;)((
)()(}{\)( jjVvvjVvvujVvv rqqq

LWW
 

 

Per this, we construct a three-level maximization 

scheme j: 

Level 1. organization of enumeration by variable 

iP . 

Level 2. for each fixed 
iP  we solve: 

2а) for each }{\)(),(1 uiVvvhk ПР

  task EN(k), 

we obtain the volume of sales qv by enterprises - perfect 

competitors; 

2b) for each  )(),(2 iVvvhk EN

 task EN(k),, we 

obtain the volume qv of resource consumption from the 

market i; 

2c) for each )(iVv   task of resellers RES(v), 

we obtain the volume of imports qv; 

2d) for each  )(iVv  task of resellers RES(v), 

we obtain the volume of export qv; 

2e) for each )(iVv HH

 , k = h2 (v), according to 

the household problem )(kHH , we find the volume of 

consumption qv from the market i. 

2f) calculate zi (Pi); 

Level 3. 

3а) Based on the product balance (3.4), we find 

the volume of production that the monopolist should 

produce:    

i

iVv

v

iVv

v

iVv

v

uiVv

v

iVv

v

iVv

vu zqqqqqqq
ДХПРКПРПР

 
 

)()()()(
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b) for a given Pi and obtained qu, we solve problem 

(6.1), as a result we obtain 
j . In this case, the maxi-

mum is taken over the variables 

jjVvvjVvvujVvv rqqq
LWW

;)(;)(;)(
)()(}{\)(  

 

As above, we do not specify how the variation 

with respect to the variable Pi is carried out; for this, a 

variation of any method of one-dimensional optimiza-

tion of the 0-th order can be applied. Also, we do not 

specify the methods for solving problems of the second 

level. This can be done using any of the conditional op-

timization methods. Since each of these problems can 

take a solution from the previous iteration as an initial 

approximation, the method of returning directions is in-

teresting, which modifies the method of possible direc-

tions [16]. 

6.2. Description of the algorithm for the leader-

ship of the household in the node. Nodal monopsony. 

In order to obtain a monopsony model at a node, 

the leadership of the enterprise should be replaced with 

the leadership of the household. Problem (6.1) will be 

replaced by problem (2.2). 

6.3. Algorithm of the reseller's leadership inci-

dent to the local market. Nodal monopoly of a re-

seller. 

Consider the case when the reseller )(iVu  , i = 

h2(u), is the leader in the market of node i. (The case  

)(iVu   is similar). 

Algorithm of “reseller leadership. 

As above, we organize the variation of the variable 

Pi to maximize the functional of the reseller problem 

(2.5) with  )(iVu  : 

For each value of Pi  we do: 

1. for each uiVv \)(  and the value of Pi , we 

look for a response  ),( iivv PPq   based on the solu-

tion of the reseller problem (2.5); 

2. for each )(iVv   and the value of Pi  we look 

for a response  ),( iivv PPq   based on the solution of 

the reseller problem (2.5); 

3. for each )(iVv EN

  enterprise-seller 

ENvhj  )(1 , we seek a response  ),( iivv PPq  to 

the price  
iP  based on the solution of problem (2.4) of 

node j with fixed 
iP
; 

4. for each )(iVv EN

 enterprise – buyer 

ENvhj  )(2 , we look for a response ),( iivv PPq   

to the price 
iP  based on the solution of problem (2.4) 

of node j with fixed 
iP
; 

5. for each )(iVv RES

  reseller – buyer 


Ww

wVVVvhu


 )(2 , we look for a response  to the 

price 
iP  based on the solution of problem (2.4) of node 

j at fixed values 
iP
; 

6. for each )(iVv HH

  household HHvhj  )(2 , 

we are looking for a response ),( iivv PPq    to the 

price
iP  based on the solution of problem (2.3); 

7. looking for a response - (export-import balance) 

),(*

iiii PPBz   of external subjects of node i. 

8. using the values of qv obtained in items 1.- 6., 

as well as the value of zi of item 7,  based on depend-

ence (3.4), we obtain the value of the functional of the 

reseller problem (2.5) at )(iVu  . 

9. Using the value  Pi and value of the functional 

of the reseller problem (2.5) at  

)(iVu  ,  we reject obviously non-optimal solutions. 

Remarks 5.1. and 5.2 are also valid for the above 

algorithm. 
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Conclusion 

As noted in the review [12], general equilibrium 

models are widely used in applied economic research 

of spatially dispersed systems because they allow one 

to quantify the relationship between various subsys-

tems of the economic system, as well as the impact of 

various factors. But as noted in [13] that "despite nu-

merous attempts, it was not possible to find any general 

and natural conditions that ensure the uniqueness and 

stability of equilibrium." The proposed models develop 

and refine the Arrow - Debreu models, and make it pos-

sible to answer the questions posed in [13]. In a real 

economy, both the utility function and the production 

function used to describe it can be linear. Changes in 

prices at nodes can lead to jumps in extreme problems 

describing the behavior of market entities, which in 

turn leads to an imbalance in the entire system. To ob-

tain answers to the fundamental questions posed in 

[13], it is advisable to use functions of the CES type. 

For models of a dispersed market for a homogene-

ous product of perfect competition (this is a spatially 

dispersed layer of the general equilibrium model), con-

vergence to an equilibrium state is proved in [14]. But 

the proof uses the special properties of the supply and 

demand functions. The solution of the analogs of the 

TGS did not raise doubts about the uniqueness of the 

solution, but in the TGS, when solving problems to de-

scribe the flow movement, quadratic functions are 

used. Problems of instability and non-uniqueness arise 

when the flow regime (laminar, turbulent, etc.) is taken 

into account. There is no such thing as a laminar -> tur-

bulent water hammer transition - the perturbations are 

too small. It's just that chaos in the flow grows abruptly 

instead of order (laminar regime). 

This work contains a toolkit for finding an equilib-

rium state for cases when there may be a monopolist in 

any local market. As a result, we get a huge number of 

different structures, ranging from perfect competition, 

cascades of monopolies [15] to centralized manage-

ment. 

As noted above, an analog of the search for the 

equilibrium state of dispersed markets is the algorithm 

of the point-by-point linkage of the theory of hydraulic 

networks. The experience of using this algorithm has a 

long history. Solving specific problems and numerical 

experiments in this area have shown that they can be 

used in simulation decision-making systems.  Numeri-

cal methods for finding an equilibrium state become 

much easier if, when solving, it is allowed for enter-

prises to use cost functions )( iiI  and supply functions 

)( iii P  ; for resellers to use cost functions )( vv yI  and 

trade and transport curves yv =  v (Ph2(v)  Ph1(v)). 
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