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Abstract 

An edge-coloring of a graph 𝐺 with consecutive integers 𝑐1, … , 𝑐𝑡 is called an interval t-coloring, if all colors 

are used, and the colors of edges incident to any vertex of 𝐺 are distinct and form an interval of integers. A graph 

𝐺 is interval colorable, if it has an interval t-coloring for some positive integer 𝑡. For an interval colorable graph 

𝐺, 𝑤(𝐺) denotes the smallest value of 𝑡 for which 𝐺 has an interval t-coloring. A block graph is a type of graph in 

which every biconnected component (block) is a clique. Even block graphs are a subclass of block graphs where 

each block has an even number of vertices. In this paper we show that any even block graph has an interval edge-

coloring with 𝑤(𝐺) ≤ 2 ⋅ (Δ(𝐺) − 1). Furthermore, we show that this upper bound can not be improved for even 

block graphs. 
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Introduction 
All graphs considered in this paper are undirected 

(unless explicitly said), finite, and have no loops or 

multiple edges. For an undirected graph 𝐺, let 𝑉(𝐺) and 

𝐸(𝐺) denote the sets of vertices and edges of 𝐺, respec-

tively. The degree of a vertex 𝑣 ∈ 𝑉(𝐺) is denoted by 

𝑑𝐺(𝑣). Let 𝑇 be a tree (a connected undirected acyclic 

graph). Let 𝑑𝑇(𝑢, 𝑣) be the length of the path from the 

vertex 𝑢 to the vertex 𝑣. Since 𝑇 is a tree, there is ex-

actly one path connecting two vertices.  

For a directed graph �⃗� if there is an edge from a 

vertex 𝑢 to a vertex 𝑣 we will denote it as 𝑢 → 𝑣. The 

graph 𝐺 is called the underlying graph of a directed 

graph �⃗� if 𝑉(𝐺) = 𝑉(�⃗�) and 𝐸(𝐺) = {�⃗�|𝑖𝑓𝑓 𝑢 →
𝑣 𝑜𝑟 𝑣 → 𝑢} (between any pair of vertices 𝑢 and 𝑣, if 

the directed graph has an edge 𝑢 → 𝑣 or an edge 𝑣 →
𝑢, the underlying graph includes the edge (𝑢, 𝑣)).  

For a tree 𝑇 and a vertex 𝑟, let 𝑇𝑟 be the directed 

graph whose underlying graph is 𝑇 and in 𝑇𝑟 each edge 

is directed in such a way that for each vertex 𝑣 ∈ 𝑉(𝑇𝑟) 

there is a path in 𝑇𝑟 from 𝑟 to 𝑣. We will say that 𝑇𝑟 is 

a rooted tree with a root 𝑟. Fig. 1 illustrates the rooted 

tree 𝑇𝑣1
 with the root 𝑣1. 

Let 𝑇𝑟 be a rooted tree, the depth of a vertex 𝑣, 

denoted by ℎ(𝑣), is the length of the unique path from 

the root 𝑟 to the vertex 𝑣. A vertex 𝑢 is said to be the 

parent of the vertex 𝑣, denoted by 𝑝(𝑣), if 𝑢 → 𝑣. In 

that case the vertex 𝑣 is said to be a child of the vertex 

𝑢. The children of a vertex 𝑣 ∈ 𝑉(𝑇𝑟) are the set 𝑊 ⊆
𝑉(𝑇𝑟) of all vertices 𝑤 of the tree 𝑇𝑟 satisfying the con-

dition 𝑣 → 𝑤. A vertex having no children is said to be 

a leaf vertex. Non-root two vertices 𝑎, 𝑏 ∈ 𝑉(𝑇𝑟) are 

said to be sibling vertices if 𝑝(𝑎) = 𝑝(𝑏). For a vertex 

𝑣 let 𝑆(𝑣) be the subtree induced by all the vertices 𝑤 

such that there is a path from 𝑣 to 𝑤 in 𝑇𝑟 [1]. 

 
Fig. 1. A rooted tree 𝑇𝑣1

 with the root 𝑣1. 

 

A cut vertex is any vertex whose removal in-

creases the number of connected components. Any con-

nected graph decomposes into a tree of biconnected 

components called the block-cut tree of the graph. A 

block graph is a type of graph in which every bicon-

nected component (block) is a clique (every two dis-

tinct vertices in the clique are adjacent). Fig. 2 illus-

trates an example of a block graph and its respective 

block-cut tree. 
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Fig. 2. Block graph on the left and its respective block-cut tree on the right. 

Even block graphs are a subclass of block graphs where each block has an even number of vertices.  

 

 
Fig. 3. An example of an even block graph. Each block is a clique with an even number of vertices. 

 

An edge-coloring of a graph 𝐺 is an assignment of 

colors to the edges of the graph so that no two adjacent 

edges have the same color. An edge-coloring of a graph 

𝐺 with colors 1, … , 𝑡 is an interval t-coloring if all col-

ors are used, and the colors of edges incident to each 

vertex of 𝐺 form an interval of integers. A graph 𝐺 is 

interval colorable if it has an interval t-coloring for 

some positive integer 𝑡. The set of all interval colorable 

graphs is denoted by 𝔑. The concept of an interval 

edge-coloring of a graph was introduced by Asratian 

and Kamalian [2]. This means that an interval t-color-

ing is a function 𝛼: 𝐸(𝐺) → {1, … , 𝑡} such that for each 

edge 𝑒 the color 𝛼(𝑒) of that edge is an integer from 1 

to 𝑡, for each color from 1 to 𝑡 there is an edge with that 

color and for each vertex 𝑣 all the edges incident to 𝑣 

have different colors forming an interval of integers. 

The set of integers {𝑎, 𝑎 + 1, … , 𝑏}, 𝑎 ≤ 𝑏, is denoted 

by [𝑎, 𝑏]. Let 𝐼𝑘 be the set [1, 𝑘] of integers, then 2𝐼𝑘 is 

the set of all the subsets of 𝐼𝑘. We will denote by 𝜏(𝐼𝑘) 

the set of all the elements from 2𝐼𝑘 that are an interval 

of integers. More formally 𝜏(𝐼𝑘) = {𝑠: 𝑠 ∈
2𝐼𝑘 , 𝑠 𝑖𝑠 𝑎 𝑛𝑜𝑛 𝑒𝑚𝑝𝑡𝑦 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑜𝑓 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠}. 

For an interval coloring, 𝛼 and a vertex 𝑣, the set 

of all the colors of the incident edges of 𝑣 is called the 

spectrum of that vertex in 𝛼 and is denoted by 𝑆𝛼(𝑣). 

The smallest and the largest numbers in 𝑆𝛼(𝑣) are de-

noted by 𝑆𝛼(𝑣) and 𝑆𝛼(𝑣), respectively. 

Interval edge-colorings have been intensively 

studied in different papers. In [3] it was shown that 

every tree is from 𝔑. Lower and upper bounds on the 

number of colors in interval edge-colorings were pro-

vided in [4] and the bounds were improved for different 

graphs: planar graphs [5], r-regular graphs with at least 

2 ⋅ 𝑟 + 2 vertices [6], cycles, trees, complete bipartite 

graphs [3], n-dimensional cubes [7,8], complete graphs 

[9, 10], Harary graphs [11], complete k-partite graphs 

[12]. In [13], interval edge-colorings with restrictions 

were considered, in which case there can be restrictions 

on the edges for the allowed colors. 

Interval edge-coloring of even block graphs 

Here we consider the following two problems for 

even block graphs. 

Problem 1: Interval edge-coloring 

Given a graph 𝐺. Find any interval edge-coloring. 

More formally, find an edge-coloring 𝛼: 𝐸(𝐺) →  ℕ 

such that for each vertex 𝑣 all the edges incident to 𝑣 

have different colors forming an interval of integers. 

Problem 2: Interval edge-coloring with mini-

mal colors 

Given a graph 𝐺. Find the minimal 𝑡 for which 

there is an interval t-coloring. More formally, find an 
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edge-coloring 𝛼: 𝐸(𝐺) → [1, 𝑡] (with minimal 𝑡)such 

that for each color from 1 to 𝑡, there is an edge with that 

color, and for each vertex 𝑣 all the edges incident to 𝑣 

have different colors forming an interval of integers. 

First, we will solve the Problem 1 for even block 

graphs by providing an upper bound for 𝑤(𝐺). Then we 

will show that the upper bound can not be improved. 

This way, we will get close to the solution of the Prob-

lem 2 for even block graphs. 

It is known that all trees have interval edge-color-

ing. A complete graph 𝐾𝑛 has an interval edge-coloring 

if and only if 𝑛 is even. The class of even block graphs 

contains the class of even complete graphs and the class 

of trees (since every block in a tree is an edge and con-

tains two vertices). Let us first show how to color the 

edges of a complete graph to have an interval edge col-

oring. 

Lemma 1: For a complete graph 𝐾2⋅𝑚, and for any 

positive integers 𝑙, 𝑟 with 𝑙 ≤ 𝑟 and 𝑟 − 𝑙 + 1 = 2 ⋅

𝑚 − 1, there is an interval edge-coloring 𝛼 such that 

𝑆𝛼(𝑣) = [𝑙, 𝑟] for all 𝑣 ∈ 𝑉(𝐾2⋅𝑚).  

Let 𝑁 = 2 ⋅ 𝑚. From [4] it is known that 

𝑤(𝐾2⋅𝑚) = 2 ⋅ 𝑚 − 1 = Δ(𝐾2⋅𝑚). It means there is an 

interval t-coloring with 𝑡 = 2 ⋅ 𝑚 − 1. Adding 𝑙 − 1 to 

all the edges of an interval t-coloring will produce an 

interval edge-coloring with colors from 𝑙 to 𝑙 +
(2 ⋅ 𝑚 − 1) − 1 = 𝑟. When it comes to the coloring, 

assume the vertices are labeled from 1 to 𝑁. Coloring 

the edge (𝑖, 𝑗), 1 ≤ 𝑖, 𝑗 ≤ 𝑁 with the color 𝑙 + ((𝑖 +
𝑗)%(𝑁 − 1)  

will ensure that all the spectrums are [𝑙, 𝑟]. 
 ∎  

Unlike complete graphs, it is not true that if a 

block graph has a block with an odd number of vertices, 

then it does not have interval edge-coloring. Fig. 4 

illustrates such a counterexample. 

 
Fig. 4. An example of a block graph that has interval edge-coloring. 

 

We will show that every even block graph has an 

interval edge-coloring. 

Theorem 1: Every even block graph 𝐺 has an in-

terval edge-coloring. Furthermore 𝑤(𝐺) ≤ 2 ⋅
(Δ(𝐺) − 1) when Δ(𝐺) ≥ 2. 

If the graph 𝐺 is a complete graph with an even 

number of vertices, then from Lemma 1 𝑤(𝐺) = Δ(𝐺). 

When Δ(𝐺) ≥ 2, 2 ⋅ (Δ(𝐺) − 1) ≥ Δ(𝐺) hence the 

statement is valid. 

We can assume that 𝐺 is not a complete graph. It 

means the graph 𝐺 has at least one cut vertex. Let 𝑡 =
2 ⋅ (Δ(𝐺) − 1). Let 𝑟 be an arbitrary cut vertex and 

consider the rooted block-cut tree 𝑇𝑟 of the graph 𝐺. We 

will provide a top-down approach for coloring the 

graph edges. For the cut vertices of the block-cut tree, 

we will color the edges of that vertex and all the blocks 

to which it belongs. Every block 𝐵 of the graph 𝐺 will 

be colored with some [𝑙, 𝑟] interval 𝑟 − 𝑙 + 1 =
|𝑉(𝐵)| − 1. Since all the blocks have even number of 

vertices, from Lemma 1 it is possible to have such in-

terval edge-coloring. At every point, the colored edges 

will form an interval of integers for every vertex (even 

if some of the edges for that vertex are not colored yet). 

For a block vertex 𝑣 ∈ 𝑉(𝑇𝑟), let 𝐵(𝑣) be the block of 

the graph 𝐺. 

For the vertex 𝑟 we can color its incident edges 

with the colors from 1 to 𝑑𝐺(𝑟). Let 𝑢1, … , 𝑢𝑘 (𝑘 =
𝑑𝑇𝑟

(𝑟)) be the child vertices of 𝑟 in 𝑇𝑟. Since 𝑟 is a cut 

vertex, 𝐵(𝑢1), … , 𝐵(𝑢𝑘) are the blocks containing the 

vertex 𝑟. Let 𝑠𝑖 = |𝑉(𝐵(𝑢𝑖))| − 1 for 1 ≤ 𝑖 ≤ 𝑘. If we 

color the block 𝐵(𝑢1) with colors [1, 𝑠1], the block 

𝐵(𝑢2) with colors [𝑠1 + 1, 𝑠1 + 𝑠2], … , the block 

𝐵(𝑢𝑘) with colors [𝑠1 + 𝑠2 + ⋯ + 𝑠𝑘−1 + 1, 𝑠1 + 𝑠2 +
⋯ + 𝑠𝑘] using the Lemma 1 then the spectrum of the 

vertex 𝑟 will be the interval [1, 𝑑𝐺(𝑟)] and all the block 

that contain the vertex 𝑟 will have an interval edge-col-

oring. 

Now consider any non-root vertex 𝑣 ∈ 𝑉(𝑇𝑟). The 

vertex 𝑣 is either a cut vertex or a block vertex in 𝑇𝑟. 

If the vertex 𝑣 is a cut vertex, then its parent vertex 

𝑝(𝑣) is a block vertex. Since we already colored the 

edges of the block 𝐵(𝑝(𝑣)), the colors of the edges in-

cident to 𝑣 that belong to that block form an interval of 

integers. The length of the interval is equal to 𝑎 =

|𝑉 (𝐵(𝑝(𝑣)))| − 1 and assume it is the interval 

[𝑙, 𝑟], (𝑟 − 𝑙 + 1 = 𝑎, [𝑙, 𝑟] ⊆ [1, 𝑡]. Since 𝑣 is a cut 

vertex, it belongs to more than one block, which means 

it has edges that do not belong to the block 𝐵(𝑝(𝑣)), 

hence 1 ≤ 𝑎 ≤ Δ(𝐺) − 1. 

Now we need to color the rest of the edges incident 

to 𝑣 so that each of the blocks that contain the vertex 

𝑣 are colored with intervals. Let 𝑢1, … , 𝑢𝑘 be the child 

vertices of 𝑣 and let 𝐵(𝑢1), … , 𝐵(𝑢𝑘) be their respec-

tive blocks. Let 𝑠𝑖 = |𝑉(𝐵(𝑢𝑖))| − 1 which is the num-

ber of edges from the block 𝐵(𝑢𝑖) incident to the vertex 

𝑣. Let 𝑏 = ∑ 𝑠𝑖
𝑘
𝑖=1  then  

𝑎 + 𝑏 = |𝑉 (𝐵(𝑝(𝑣)))| − 1 +

 ∑ (|𝑉(𝐵(𝑢𝑖))| − 1)𝑘
𝑖=1 = 𝑑𝐺(𝑣) ≤ Δ(𝐺). 

Assume that we can find an interval [𝑐, 𝑑] ⊆ [1, 𝑡] 
of length 𝑏 such [𝑐, 𝑑] ∩ [𝑙, 𝑟] = ∅ and [𝑐, 𝑑] ∪ [𝑙, 𝑟] ∈
𝜏(𝐼𝑡). Then the vertex 𝑣 would be colored with interval 

of integers and we could take the interval [𝑐, 𝑑] and 

split it into smaller intervals of lengths 𝑠1, … , 𝑠𝑘 to color 
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the blocks corresponding to the children of 𝑣. Using the 

Lemma 1, the block 𝐵(𝑢1) could be colored with colors 

[𝑐, 𝑐 + 𝑠1 − 1], the block 𝐵(𝑢2) with colors [𝑐 +
𝑠1, 𝑐 + 𝑠1 + 𝑠2 − 1], …, the block 𝐵(𝑢𝑘) with colors 

[𝑐 + 𝑠1 + ⋯ + 𝑠𝑘−1, 𝑐 + 𝑠1 ⋯ + 𝑠𝑘 − 1] = [𝑑 − 𝑠𝑘 +
1, 𝑑] since 𝑏 = ∑ 𝑠𝑖

𝑘
𝑖=1  . 

Now let us show that we can always find such 

[𝑐, 𝑑] interval. If 𝑙 − 𝑏 ≥ 1 then [𝑐, 𝑑] = [𝑙 − 𝑏, 𝑙 − 1]. 
If 𝑙 ≤ 𝑏 we need to show that 𝑟 + 𝑏 ≤ 𝑡 in which case 

we could take [𝑐, 𝑑] = [𝑟 + 1, 𝑟 + 𝑏]. Since 1 ≤ 𝑎 ≤
Δ(𝐺) − 1 and 𝑎 + 𝑏 ≤ Δ(𝐺) we have 1 ≤ 𝑏 ≤ Δ(𝐺) −
1. 

𝑟 + 𝑏 = 𝑙 + 𝑎 − 1 + 𝑏 ≤ 𝑏 + 𝑎 − 1 + 𝑏 and we 

know that 𝑎 + 𝑏 ≤ Δ(𝐺), 𝑏 ≤ Δ(𝐺) − 1 we can get 

𝑏 + 𝑎 − 1 + 𝑏 ≤ Δ(𝐺) − 1 + Δ(𝐺) − 1 = 𝑡. 

The intuition is that as long as 𝑡 is greater or equal 

than 2 ⋅ (𝑏 − 1) + 𝑎 + 1 we can always find an interval 

of length 𝑏 to the left or the right of any given interval 

that has length 𝑎. The maximal value will be achieved 

if 𝑎 = 1, 𝑏 = Δ(𝐺) − 1 in which case we get 2 ⋅
(Δ(𝐺) − 2) + 2. 

If the vertex 𝑣 is a block vertex, then we already 

know how the edges of the block 𝐵(𝑣) are colored since 

the parent vertex 𝑝(𝑣) is a cut vertex. Using the fact 

that 𝐵(𝑣) has even number of vertices and is a clique 

we colored with some colors [𝑙, 𝑟] such that 𝑟 − 𝑙 +

1 = |𝑉(𝐵(𝑣))| − 1 using the Lemma 1. We can con-

tinue coloring the children cut vertices of the vertex 𝑣. 

∎  

Theorem 2. For every even integer 𝑚 there exist 

an even block graph 𝐺 with Δ(𝐺) = 𝑚 for which (𝐺) ≥
2 ⋅ (𝑚 − 1) . 

Let 𝑚 = 2 ⋅ 𝑘 be an even integer. When 𝑚 = 2 we 

have 2 ⋅ (𝑚 − 1) = 2 = 𝑚 and since we should have 

Δ(𝐺) = 𝑚 and it is known that 𝑤(𝐺) ≥ Δ(𝐺) the state-

ment is obvious for this case. We can assume 𝑚 ≥ 4 in 

which case 2 ⋅ (𝑚 − 2) + 1 ≥ 𝑚 + 1. 

We need to construct an even block graph 𝐺 such 

that Δ(𝐺) = 𝑚 and there is no interval edge-color with 

2 ⋅ (𝑚 − 2) + 1 colors. Consider the graph illustrated 

in Fig. 5. 

 
Fig. 5. An even block graph where the vertex 𝑟 is connected to the vertices 𝑣1, … , 𝑣𝑚. Each of the vertices 

𝑣1 … , 𝑣𝑚 are inside blocks that are cliques having 𝑚 vertices. 

 

In that graph, there is a root vertex 𝑟 that is con-

nected to 𝑚 vertices 𝑣1, … , 𝑣𝑚 and each of these 𝑚 ver-

tices belong to a clique 𝐶𝑖 each of which has 𝑚 vertices. 

The constructed graph has 𝑚2 + 1 vertices. Let 𝑡 = 2 ⋅
(𝑚 − 2) + 1 and suppose there is an interval edge-col-

oring 𝛼 such that all the colors are from 1 to 𝑡. The col-

ors of the edges (𝑟, 𝑣1), … , (𝑟, 𝑣𝑚) form an interval of 

integers [𝑎, 𝑏] with length 𝑚 (𝑏 − 𝑎 + 1 = 𝑚).  

Consider the color 𝑚 − 1 which is the middle 

color of the interval [1, 𝑡]. Since [𝑎, 𝑏] ⊆ [1, 𝑡] (𝑡 ≥
𝑚 + 1) it means 𝑏 ≥ 𝑚 and 𝑎 ≤ 𝑡 − 𝑚 + 1 = 𝑚 − 2 

which means the color 𝑚 − 1 ∈ [𝑎, 𝑏]. Let 𝑣𝑖 be the 

vertex for which 𝛼(𝑟, 𝑣𝑖) = 𝑚 − 1 and consider the 

clique 𝐶𝑖 that contains the vertex 𝑣𝑖. If we take the 

edges of the clique that have color 𝑚 − 1, they will 

form a matching and will not contain the vertex 𝑣𝑖, 

since it is already connected to the vertex 𝑟 with the 

color 𝑚 − 1. Since |𝑉(𝐶𝑖)| = 𝑚 = 2 ⋅ 𝑘 there is a ver-

tex 𝑢 ∈ 𝑉(𝐶𝑖) which does not have an incident edge 

with color 𝑚 − 1. Fig. 6 illustrates that case.  
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Fig. 6. The edges of a clique containing the vertex 𝑣𝑖 having color 𝑚 − 1. There is a vertex 𝑢 that does not have 

an incident edge with color 𝑚 − 1. 

 

For the vertex 𝑢, 𝑑𝐺(𝑢) = 𝑚 − 1 and the spec-

trum 𝑆𝛼(𝑢) = [𝑐, 𝑑] has length 𝑚 − 1 (𝑐 − 𝑑 + 1 =
𝑚 − 1). This means that either 𝑐 ≥ 𝑚 or 𝑑 ≤ 𝑚 − 2. If 

𝑐 ≥ 𝑚 then 𝑑 ≥ 𝑚 + (𝑚 − 1) − 1 = 2 ⋅ (𝑚 − 1) ≥
𝑡 + 1 which is a contradiction. If 𝑑 ≤ 𝑚 − 2 then 𝑐 ≤
𝑑 − (𝑚 − 1) + 1 = 0 which is a contradiction. This 

means there is no interval edge-coloring with 𝑡 = 2 ⋅
(𝑚 − 2) + 1 colors hence 𝑤(𝐺) ≥ 2 ⋅ (𝑚 − 1). 

∎  

Corollary: If 𝐺 is an even block graph then 

𝑤(𝐺) ≤ 2 ⋅ (Δ(G) − 1) and the inequality can not be 

improved for the class of even block graphs.  
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